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Formal Logic

Season 2
Episode 03

Time frame 1 period

Objectives :
• Dis
over the �ve logi
al operators �not�, �and�, �or�, �if� and �i��.
• Learn how to prove that two logi
al propositions are formally equivalent.
Materials :
• Fa
t sheet about formal logi
.
• Beamer about formal logi
.
1 – Group work : the five operators 20 minsStudents work in 9 groups of 4 or 5. They are handed out 
ards with a propositioninvolving a logi
al operator, or an explanation, the notation or a diagram. The have tomat
h ea
h proposition with the right explanation and notation. The answers are thengiven with a beamer.
2 – Lecture 35 minsThe tea
her presents the notions of truth table, negation, 
onjuntion, disjun
tion, 
ondi-tional and bi
onditional. The le
ture is based on a beamer, with hand-outs to be given atthe end. Students must be involved in the lesson and help build the truth tables.
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Document LessonFormal logi
 is a bran
h of mathemati
s (and philosophy) where the validity of logi
al de-du
tions and propositions is studied, without any referen
e to the truth of the statementsinvolved. We only study the form, not the 
ontent.1 A logi
al proposition and its negationAny proposition, su
h as �it's raining� or �ABCD is a re
tangle� 
an be true or false. Forany proposition p, we will write 0 if it's false and 1 if it's true. The truth table of theproposition p gives all the possibilities about the truth of p. It's fairly simple when we
onsider just one proposition.
Definition 1 Negation

The negation of a proposition p, noted by the logical operator ¬ and

the word not, is true when p is false. In other words, ¬p is the contrary

of p.

p ¬p
0 1
1 0Example : The negation of the proposition �the door is 
losed� is �the door is not 
losed�.2 The main logi
al operatorsUsing two or more propositions, we 
an build a new one. For example, "it's raining and Idon't have an umbrella� is made of two distin
t propositions. We will now 
onsider somelogi
al formulas made of two or more propositions.

Definition 2 Conjunction

The conjunction of two propositions p and q, noted by the logical ope-

rator ∧ and the word and, is true when both propositions are true. In

other words, p ∧ q is true when p and q are true.

p q p ∧ q

0 0 0
0 1 0
1 0 0
1 1 1Example : The 
onjun
tion of the propositions �I like 
ho
olate� and �there's some 
ho
o-late in the kit
hen� is �I like 
ho
olate and there's some 
ho
olate in the kit
hen�.

Definition 3 Disjunction

The disjunction of two propositions p and q, noted by the logical ope-

rator ∨ and the word or, is true when at least one of the propositions is

true. In other words, p∨q is true when at least p or q is true. Beware, the

logical disjunction is true when both propositions are true. It’s different

from the exclusive disjunction, often used in the common langage, as

in “cheese or dessert”, “open or closed”.

p q p ∨ q

0 0 0
0 1 1
1 0 1
1 1 1
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tion of the propositions �ABCD is a re
tangle� and �ABCD is adiamond� is �ABCD is a re
tangle or a diamond�. Note that both propositions may betrue at the same time.
Definition 4 Conditional

The conditional of p and q, noted by the logical operator → and the

words if . . . then . . . , is always true except if p is true and q is false.

p q p → q

0 0 1
0 1 1
1 0 0
1 1 1Example : The 
onditional of �it's raining� and �I'll take my umbrella� is �if it's rainingthen I'll take my umbrella�.

Definition 5 Biconditional

The biconditional of p and q, noted by the logical operator↔ and the

words if and only if, is true when p and q have the same truth value.

p q p ↔ q

0 0 1
0 1 0
1 0 0
1 1 1Example : The bi
onditional of propositions �ABC is a right angled triangle in A� and�BC2 = AB2 + AC2� is �ABC is a right angled triangle in A if and only if BC2 =

AB2 + AC2�.3 Formal equivalen
es
Definition 6 Formal equivalence

Two logical statements are formally equivalent if they share the same truth table. To

prove the formal equivalence of two statements, the easiest way is to compute their

truth tables and compare them.

Proposition 1 Converse

Let p and q be any two propositions. The proposition q → p

is called the converse of p → q. It’s not formally equivalent

to p → q.

p q p → q q → p

0 0 1 1
0 1 1 0
1 0 0 1
1 1 1 1

Proposition 2 Contrapositive

Let p and q be any two propositions. The

proposition ¬q → ¬p is called the contra-

positive of p → q. It’s formally equivalent to

p → q.

p q p → q ¬q ¬p ¬q → ¬p
0 0 1 1 1 1
0 1 1 0 1 1
1 0 0 1 0 0
1 1 1 0 0 1

Definition 7 Tautology and contradiction

A tautology is a logical statement that is true by virtue of its logical form, that requires

no assumptions to determine its veracity. A contradiction is a statement that is always

false.
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Document 1 Mat
hing gameFive senten
es
1. a is not even.
2. a is even and b is divisible by 4.
3. a is even or b is divisible by 4.
4. If a is even then b is divisible by 4.
5. a is even if and only if b is divisibleby 4.Five notationsi. (2|a) ∨ (4|b)i. (2|a) → (4|b)iii. (2|a) ↔ (4|b)iv. ¬(2|a)v. (2|a) ∧ (4|b)

Five explanationsa. True only if both propositions aretrue.b. True if the proposition is false andfalse if the proposition is true.
. True ex
ept if the se
ond proposition
an be false while the �rst propertyis true.d. True as soon as one of the two pro-positions is true.e. True if whenever one of the proposi-tion is true, the other is also true, andwhenever one proposition is false, theother is also false.A B
C D
E


	A logical proposition and its negation
	The main logical operators
	Formal equivalences

