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Arithmetic sequences

Season 02
Episode 08

Time frame 4 periods

Prerequisites :

Objectives :
• Dis
over the 
on
ept of arithmeti
 sequen
e.
• Find out the main formulae about arithmeti
 sequen
es.
Materials :
• Answer sheet for the team work.
• Lesson about arithmeti
 sequen
es.
• Exer
ises about arithmeti
 sequen
es.
• Terms from seven di�erent sequen
es.
• Beamer
1 – Matching game 10 minsPapers with numbers are handed out to the 
lass. Students mingle to �nd the othernumbers that 
ould be part of the same sequen
e. First terms are spe
i�ed with a star onthe paper.
2 – Team work 45 minsWorking in the teams from the previous part, students have to �ll an answer sheet abouttheir sequen
e.
3 – Lesson 30 minsThe main results about arithmeti
 sequen
es are shown with a beamer.
4 – Exercises Remaining timeExer
ises about arithmeti
 sequen
es have to be done in groups of 3 or 4 students.
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Document Answer sheet

1. Write in the 
ells below the �rst �ve terms of your sequen
e, in the 
orre
t order.
2. Write in the 
ells below the next �ve terms of your sequen
e.
3. Write in the 
ells below the terms of your sequen
e whose indi
es are given. Forexample, in the �rst 
ell you have to write the 20th term in your sequen
e.

20 25 50 100

4. What is the 
ommon di�eren
e d between two 
onse
utive terms in your sequen
e ?
d =

5. Let's note a1 the �rst term in your sequen
e, a2 the se
ond term and so on. Givethe notation � not the value � of the term next to ea
h of the terms below.
a6 a12 a153 an

6. Find a relation between any term an and the next term.
7. Find a relation between a term an, the 
ommon di�eren
e d and the �rst term a1.
8. Use the formula you found in the previous question to 
ompute dire
tly these terms.

a200 a250 a500 a1000

9. Find a relation between any term an and the term a2.
10. Find a relation between any term an and the term a5.
11. Find a relation between any two terms an and am.
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12. Pla
e the �rst ten terms of your sequen
e on the graph below. To do so, 
hoose a
onvenient s
ale on the y-axis.

1 2 3 4 5 6 7 8 9 10
13. What do you noti
e about the graph of this sequen
e ?
14. Compute the sum of the �rst �ve terms of your sequen
e.
15. Find a relation between the sum of the �rst �ve terms, the number of terms, the�rst term and the �fth term.
16. Find a relation between the sum of the �rst ten terms, the number of terms, the�rst term and the tenth term.
17. Find a relation between the sum of the �rst n terms, the number of terms, the �rstterm and the n-th term.
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1 De�nition and 
riterionA sequen
e of numbers (an) is arithmeti
 if the di�eren
e between two 
onse
utive termsis a 
onstant number. Intuitively, to go from one term to the next one, we always add thesame number.
Definition 1 Arithmetic sequence

A sequence of numbers (an) is arithmetic if, for any positive integer n, an+1 − an = d

where d is a fixed real number, called the common difference of the sequence. We

can also write that

an+1 = an + d.

This equality is called the recurrence relation of the sequence.

Proposition 1 Graph of an arithmetic sequence

The graph of an arithmetic sequence is a straight line.

2 Relations between terms
Proposition 2 Explicit definition

For any positive integer n,

an = a1 + (n− 1)× d.

This equality is called the explicit definition of the sequence.Proof. First, this equality is true when n = 1, as a1 = a1 + 0 × d = a1 + (1 − 1) × d. Then,suppose that it is true for a value n = k, meaning that ak = a1 + (k − 1) × d. Then, from thede�nition of the sequen
e, ak+1 = ak + d = a1 + (k − 1)× d+ d = a1 + k × d. So the formula istrue for n = k + 1 too. So it's true for n = 0, n = 1, n = 2, n = 3, et
, for all values of n.
Proposition 3 Relation between two terms

For any two positive integers n and m,

an = am + (n−m)× d.Proof. From the expli
it de�nition of the sequen
e (an), an = a1 + (n − 1) × d and am =
a1+(m−1)×d, so an−am = (a1+(n−1)×d)− (a1 +(m−1)×d) = n×d−m×d = (n−m)d.Therefore, an = am + (n−m)× d.



3 Limit when n approa
hes +∞

Theorem 1 Limit of an arithmetic sequence

The limit of an arithmetic sequence (an) of common difference d

• is equal to +∞ when d > 0 ;
• is equal to −∞ when d < 0 ;
• is equal to a1, trivially, if d = 0.Proof.
• Suppose that a1 > 0 and d > 0, and 
onsider any real number K. Then, the inequation

an > K, or a1 + (n − 1)d > K, is solved by any positive integer n su
h that n >
K−a1

d
+ 1.This means that for any real number K, there exist some integer N su
h that for any n > N ,

aN > K. This is exa
tly the de�nition of the fa
t that lim an = +∞.
• Suppose that a1 > 0 and d < 0, and 
onsider any real number K. Then, the inequation

an < K, or a1 + (n − 1)d < K, is solved by any positive integer n su
h that n >
K−a1

d
+ 1.This means that for any real number K, there exist some integer N su
h that for any n > N ,

aN < K. This is exa
tly the de�nition of the fa
t that lim an = −∞.
• The last situation, when d = 0, is obvious, as all terms are equal to a1.4 Sums of 
onse
utive terms
Theorem 2 Sum of consecutive terms

Let (an) be an arithmetic sequence, The sum Sn of all the terms between a1 and an,

Sn = a1 + a2 + . . .+ an−1 + an, or more precisely S =
∑

n

i=1
ai, is given by the formula

S = n×

a1 + an

2
.Proof. The tri
k to prove this formula is to write the sum in two di�erent ways, one based onthe �rst term, the other based on the last term. Using the formula of proposition 1.2, we have,on one hand

Sn = a1 + a2 + . . .+ an−1 + an

Sn = a1 + a1 + d+ . . .+ a1 + (n− 2)d+ a1 + (n− 1)dand on the other hand
Sn = a1 + a2 + . . .+ an−1 + an

Sn = an − (n− 1)d+ an − (n− 2)d + . . . + an − d+ an.When we add these two expression of Sn, all terms involving d are 
an
elled and we end up withas many times the sum a1 + an are there were of terms in Sn, so
2Sn = n(am + an)

Sn = n×

a1 + an

2
.
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8.1 A single square is made from 4 mat
hsti
ks. Two squares in a row needs 7 mat
hsti
ksand 3 squares in a row needs 10 mat
hsti
ks. This pro
ess de�nes a sequen
e. Determine,for this sequen
e,
1. the �rst term ;
2. the 
ommon di�eren
e ;
3. the formula for the general term ;
4. how many mat
hsti
ks are in a row of 25 squares.

8.2 A triangular number is a natural number su
h that the shape of an equilateraltriangle 
an be formed by that number of points. For n > 1, let un be the di�eren
ebetween the n-th triangular number and the previous one.
1. Find the six �rst triangular numbers.
2. Give the 5 �rst terms of the sequen
e (un). What kind of sequen
e 
ould it be ?
3. Write the six �rst triangular numbers using 
onse
utive terms of the sequen
e (un).
4. Dedu
e a formula to �nd dire
tly the n-th trianguler number.
5. Use this formula to 
ompute the 36th triangular number. Is this number famous forother reasons ?

8.3 The third term of an arithmeti
 sequen
e is -7 and the 7th term is 9. Determine :
1. the �rst term a1 and the 
ommon di�eren
e d ;
2. the 51st term.

8.4 In an arithmeti
 sequen
e, the �rst and seventh terms are x2 and 6 + x − 5x2,respe
tively. If the 
ommon di�eren
e is x, determine the possible values of x.
8.5 The twelfth term of an arithmeti
 sequen
e is 5, and the 
ommon di�eren
e betweensu

essive terms is 3. Determine whi
h term has a value of 47.
8.6 In a given arithmeti
 sequen
e, the �rst term is 2, the last term is 29 and the sumof all the terms is 155. Find the 
ommon di�eren
e.
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8.7 A horizontal line interse
ts a pie
e of string at four points and divides it into �veparts, as shown below.

b b b b

1
2

3
4

5
If the pie
e of string is interse
ted in this way by 19 parallel lines, ea
h of whi
h interse
tsit at four points, �nd the number of parts into whi
h the string will be divided.
8.8 These two problems appear on the Rhind Papyrus. This papyrus was named afterAlexander Henry Rhind, a S
ottish antiquarian, who pur
hased the papyrus in 1858 inLuxor, Egypt ; it was apparently found during illegal ex
avations in or near the Rames-seum (the memorial temple of Pharaoh Ramesses II). The British Museum, where thepapyrus is now kept, a
quired it in 1864. It is one of the two well-known Mathemati
alPapyri along with the Mos
ow Mathemati
al Papyrus.

Problem 40. Divide 100 hekats of barley among 5 men so that the 
ommon di�eren
eis the same and so that the sum of the two smallest is 1/7 the sum of the threelargest.Problem 64. Divide 10 hekats of barley among 10 men so that the 
ommon di�eren
eis 1/8 of a hekat of barley.
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Document 1 Cards for the mat
hing game
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