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Season 02
The golden sequence Episode 11
Time frame 2 periods

Prerequisiies . Geometric sequences, the golden ratio

Objectives :
e Use the properties of geometric sequences on an particularly interesting example.
e Discover some properties of the Golden Ratio.

Materials :

e Task sheet.

e Correction of the task sheet.
e Beamer (may not be needed).

1 - Pair work 2 periods

Working in pairs, students have to answer a series of questions about the golden sequence,
the only sequence which is at the same time a Fibonacci sequence and a geometric se-
quence.
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The Golden number is the irrational real number defined as

1++/5

5

This famous number is strongly related to the Fibonacci sequence. It is also interesting
to study the sequence defined as follows :

b1 — l
)
bn+1 == bn X @

Part A - Working with approximate values

. What kind of sequence is (b,) ? Give the explicit definition of b,.

Write the first seven terms of the sequence in the simplest way, using ¢ and without
doing any computation.

Give an approximate value to 3 DP of the first seven terms of the sequence.
Find the first value of n for which b,, > 100.

Check with the approximate values that for any integer n lower than or equal to 5,
b, + bn+1 = bn+2-

Part B - Working with exact values.

In this part, no approximate value must be used, so the calculator will be useless. All
answers must be given in the form a + bv/5 where a and b are rational numbers. For
example, ¢ will be written as

o

11
— -+ =6
v 2+2f

. Check that — (% — ﬁ) (% + ﬁ) =1 and deduce the exact value of b; = i.

2 2

Compute the first seven terms of the sequence (b,,) and give the answers as explained
at the beginning of this part.

Check, using the exact values, that for any integer n lower than 5, b,, + b, 11 = b, ;2.
Deduce the probable values of bg, by, and byq.
Check that % + 1 = ¢ and deduce that for any positive integer n,
(pn + Q0n+1 — Q0n+2.
What property of the sequence b does it prove ?

Part C - The sum of the first n terms

. In a table, compare the approximate values (to 3DP) of the sums by + by, by + by + b3

and by + by + b3 + by with the values of ¢?, ©® and ?.
Deduce from the previous question a possible formula for by + by + ...+ b,,.

Prove the formula.
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Part A - Working with approximate values

. From its definition, we can say that (b,,) is a geometric sequence with first term é and

common ratio ¢. The explicit definition of b, is therefore

1
bn -~ % (pnfl — (pn72.
2
. Using the explicit formula, we get b, = i, by = =1,b3=1
be = ', by =
. Using the previous answers and a calculator, we find b; ~ 0.618, by = 1, b3 ~ 1.618,
by ~ 2.618, bs ~ 4.236, b ~ 6.854, by ~ 11.090.
. The first value of n such that b, > 100 is n = 12.
. Forn=1,0b +by=0.618+1=1.618 = bs.
Forn =2, by +b3=1+1.618 = 2.618 = b,.
For n =3, by + by = 1.618 + 2.618 = 4.236 = bs.
Forn =4, by + b5 = 2.618 + 4.236 = 6.854 = bg.
For n =5, bs + bg = 4.236 + 6.854 = 11.090 = b;.

Part B - Working with exact values.

This means that — (% — 75> X @ =1, s0
b =

. As we've seen previously, by = —% + %\/5 Also, it's obvious that by = 1 = 1+ 0+/5 and
we know that by = ¢ = £ + %\/E.Let's look at the next terms.

by = <p—(§+§\/5)2:i+§\/5+5:§+1f

b= ¢ = ¢ x o= (3+ VD) x (3 +3vB) = 3+ VB +1VE+3 =24 15
b= = (= (D) S 2= a8

b= =t = (2 1Y) X (1Y) =3+ B+ V5 = B+ 3B
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3. Forn=1b+b=—3+35V5+1+0V5=14+3V5=bs.
Forn=2by+by=1+0V6+1+1V/5=3+1/5=0,.
Forn=3bs+bi=3+3Vo+2+3Vb=2+1V5=1bs
Forn=4,b;+bs=3+1V6+2+1V5 =1+ 25 =b;.
Forn =5 bs+bs=2+1V6+1+3vV5 =4 +2Vb =0y

4. We can expect that :
by =bs+br =T+ 3V5+ 4 +3V5=9+4/5
69:b7+68:%+g\/5+9+4\/5:2_29+§\/5
bio=0bs+by=9+4V5+ 2 +L/5=1042L/5

5. We proved in the first question that é = —%Jr% 5, so

1 1 1 1 1
—tl= =+ VBl =c4+=VE=0
o j+ff+ 2+2¢_ @

Multiplying this equation by ¢! we deduce that for any positive integer n,

1

"t X (— + 1) = ¢"lxop
2

(pn—l—l

v +" = p"xyp

(,On‘i‘QOnJrl — (pn+2

Using the explicit formula of b, this proves that for any positive integer n, b, 2+b,,13 =
bn+4 and so, as its also true for b; and bs,

bn + anrl = bn+2-
Part C - The sum of the first n terms

1. Comparison between the two sequences :

by + by 1.618 | ©* | 2.618

2. From the results in the previous table, it seems that by + by + ...+ b, = " — 1.

3. Using the formula for the sum of the terms of a geometric sequence, we get

1 — o
% ¥

1
by+by+...+b, = —
e 1—-9

As we know that _ + 1 = ¢, we can say that = ¢ — 1, and so

1_

by +by+...+b, = (p—1)x 1
l—¢p
1 — "
-



