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Cross sections and coordinates

Season 2
Episode 17

Time frame 2 periods

Prerequisites : Cross se
tions of a 
ube.
Objectives :
• Work in a three dimensional 
oordinate.
• Study equations of lines and planes.
Materials :
• Task sheet.
• Cut-out 
ubes.
• Lesson.
• Beamer.
1 – Cartesian equations and planes 20 minsWorking in pairs students have to answer a series of questions about some equations ofplanes in 3D.
2 – Parametric equations and lines 20 minsWorking in pairs students have to answer a series of questions about some parametri
equations of lines in 3D.
3 – Lesson 15 minsThe tea
her explains the main 
on
epts of 
artesian equations and parametri
 equationsin 3D. The methods to �nd interse
tions of planes with lines are also introdu
ed.
4 – Using coordinates to find cross sections 1 periodStudents are still working in pairs. They to draw 
orss se
tions of the 
ube using 
oordi-nates. While doing so, they have to master the following te
hniques :
• �nd a 
artesian equation of a plane knowig three non-
ollinear points ;
• �nd parametri
 equations des
ribing a line ;
• �nd the 
oordinates of the interse
tion of a plane and a line.



Cross sections and coordinates
Season 2
Episode 17

Document Task sheetFor this a
tivity we 
onsider a 
ube
OABCDEFG with side 1cm, as pi
turedon the right.Using the point O as the origin and theve
tors −−−−−→

OA, −−−−−→OB and −−−−−→

OC for dire
tions andunits, we de�ne a three dimensional 
arte-sain system. The position of any point inthe 3D spa
e, and in parti
ular any pointon the 
ube, 
an be des
ribed with a tripletof numbers (x, y, z) : the 
oordinates of thepoint. For example, the 
oordinates of thepoint O are (0, 0, 0). O A

ED

C

F

B

G

Preliminary question : Give the 
oordinates of all the 
ube verti
es in this system.
Part 1 – Cartesian equations and planes

1. Find all the verti
es of the 
ube su
h that z = 0. Does this equations de�ne a line ?If not so, what is the set of the points on the 
ube su
h that z = 0.
2. Des
ribe in the same way the set of points on the 
ube su
h that x = 0 and the setof points su
h that z = 1.
3. Give the 
artesian equations of the 8 fa
es of the 
ube.
4. Find all the verti
es of the 
ube su
h that x = y then do a qui
k sket
h of the setof the points inside the 
ube su
h that x = y.
5. Same question for the sets su
h that

a. x+ y = 1 ;
b. x+ y + z = 1 ; c. x+ 2z = 1 ;

d. x+ y − z = 1 ; e. 2x+ 2y + 2z = 1 ;
f. x+ 2y + z = 1.

6. What seems to be the general form of a 
artesian equation of a plane in a 3D
oordinate system?
7. a. Find a 
artesian equation of the plane passing through the points O, F and

N(1, O, 1
2
).

b. Find the 
oordinates of the only point on this plane su
h that x = 0 and y = 1.
c. Do a qui
k sket
h of that set in the 
ube.

8. a. Find a 
artesian equation of the plane passing through the points A, C and
R(1

2
, O, 1) and F .

b. Find the 
oordinates of the only point on this plane su
h that x = 0 and z = 1.
c. Do a qui
k sket
h of that set in the 
ube.
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Part 2 – Parametric equations and lines

1. a. Des
ribe with a simple senten
e the parti
ularity of the 
oordinates of all thepoints on the line (OA).
b. Translate the properties you found in the previous question into two simpleequalities.
c. One of the 
oordinates may not be referred to in your previous answers. Why ?

2. a. Find three points on the 
ube su
h that






x = 1
y = 1
z = twhere t 
an be any real number.

b. What is the set of all points on the 
ube de�ned by these parametri
 equations.Draw it.
3. Find a set of parametri
 equations des
ribing the lines (OC) and (OD), then thelines (DG) and (FG).
4. a. Find three points on the 
ube su
h that







x = t

y = t

z = 0where t 
an be any real number.
b. What is the set of all points on the 
ube de�ned by these parametri
 equations.Draw it.

5. a. Find two verti
es of the 
ube su
h that






x = 1− t

y = t

z = twhere t 
an be any real number.
b. Find the 
oordinates of the point in this set when t = 1

2
, then pla
e it in the
ube.

c. What is the set of all points on the 
ube de�ned by these parametri
 equations.Draw it.
6. Find out the set of all points su
h that







x = 1

2

y = t

z = 1− twhere t 
an be any real number. Draw it.
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Part 3 – Using coordinates to find cross sectionsIn this part, we name the midpoints of allthe edges of the 
ube as shown in the pi
-ture below.

1. Give the parametri
 equations of allthe edges of the 
ube. You will usethese equations often in this part.
2. In this question we wnat to �ndthe se
tion of the 
ube by the plane

(AEL).
a. Find a 
artesian equation of theplane (AEL).
b. Find the 
oordinates of the in-terse
tion of the plane (AEL)with ea
h edge of the plane,whenever it exists.
c. Pla
e the points found in theprevious question and draw these
tion of the 
ube. O A

BC

D E

FG

b

b

b

b

b b

bb

b

b

b

b

I

J

K

L

M N

PQ

R S

T

U

3. In this question we wnat to �nd the se
tion of the 
ube by the plane (IJU).
a. Find a 
artesian equation of the plane (IJU).
b. Find the 
oordinates of the interse
tion of the plane (IJU) with ea
h edge ofthe plane, whenever it exists.
c. Pla
e the points found in the previous question and draw the se
tion of the
ube.

4. In this question we wnat to �nd the se
tion of the 
ube by the plane (IQS).
a. Find a 
artesian equation of the plane (IQS).
b. Find the 
oordinates of the interse
tion of the plane (IQS) with ea
h edge ofthe plane, whenever it exists.
c. Pla
e the points found in the previous question and draw the se
tion of the
ube.
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Document 1 Cubes
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Document Lesson

1 Cartesian equations and planes
Definition 1

The set of points M(x, y, z) in the 3D space such that

ax+ by + cz = d

where a, b, c and d are real numbers is a plane.

Definition 2

The previous equality, true only for the points on the plane, is a cartesian equation of

the plane.

Theorem 1

A plane has infinitely many different cartesian equations.How to �nd a 
artesian equationFind a 
artesian equation of the plane P passing through the points of 
oor-dinates P (1, 0, 0), Q(1
2
, 1, 0) and R(0, 0, 1).We know that a 
artesian equation has the form

ax+ by + cz = d.As the points P , Q, R are on the plane, we dedu
e that a, b, c and d are solutions to thesystem






a× 1 + b× 0 + c× 0 = d

a× 1

2
+ b× 1 + c× 0 = d

a× 0 + b× 0 + c× 1 = dFrom the �rst equation we get a = d, and from the last c = d. Then, the se
ond equationis equivalent to 1

2
d+ b = d, or b = 1

2
d.As there are in�ninitely many 
artesian equation, we 
an 
hoose for d any number (ex
ept

0 in this 
ase). Let's 
hoose d = 2.Then we dedu
e a = 2, c = 2 and b = 1, so a 
artesian equation of the plane is
2x+ y + 2z = 2.
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 equations and lines
Definition 3

The set of points M(x, y, z) in the 3D space such that







x = xA + at

y = yA + bt

z = zA + ct

where xA, yA, zA, a, b and c are real numbers, is a line passing through point A and

with directing vector ~u(a, b, c).

Definition 4

The previous system, true only for the points on the line, is a set of parametric equations

of the line.

Theorem 2

A line has infinitely many different sets of parametric equations.How to �nd parametri
 equationsFind a set of parametri
 equations of the line L passing through the point of
oordinates T (1, 1, 0) and with dire
ting ve
tor ~u(0, 0, 1).A

ording to the de�nition, a set of parametri
 equations of this line is






x = 1 + 0× t

y = 1 + 0× t

z = 0 + 1× t

or 





x = 1
y = 1
z = t3 Interse
tions of lines and planesMethodTo �nd the 
oordinates of the interse
tion of a plane with a line (if it exists), just solvethe system made of a 
artesian equation of the plane and a set of parametri
 equationsof the line.

• If the line interse
ts the plane in one just point, the solving will give one value for t,that 
an be used in the parametri
 equations to �nd the 
oordinates of the point.
• If the line is parallel to the plane, then it will be impossible to solve the system.
• If the line is in
luded in the plane, then there will be an in�nite number of solutions.
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oordinates of the interse
tion of the plane P with the line L , if it exists.To do so, we have to solve the system :














2x+ y + 2z = 2
x = 1
y = 1
z = tWe 
an repla
e x, y and z by their expressions as a fun
tion of t in the �rst equation.That gives :

2× 1 + 1 + 2t = 2

3 + 2t = 2

2t = −1

t = −

1

2Then, we use this value of t and the parametri
 equations to �nd the 
oordinates of thepoint :






x = 1
y = 1
z = −

1

2So the plane and the line interse
tion in the point of 
oordinates
(

1, 1,−
1

2

)

.
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