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Planar graphs

Season 2
Episode 21

Time frame 2 periods

Prerequisites : Basi
 notions and vo
abulary about graphs.
Objectives :
• Dis
over the 
on
ept of planar graphs.
• Use the main results about planar graphs to solve a few problems.
Materials :
• Lesson.
• Problems.
• Beamer.
1 – The three houses and three utilities problem 10 minsThe problem of the three houses and three utilities is presented to the students. Theyhave 10 minutes to try to solve it.Suppose we have three houses and three utility outlets (ele
tri
ity, gas andwater) situated as shown on the pi
ture below. Is it possible to 
onne
t ea
hutility to ea
h of the three houses without the lines or mains 
rossing ?
2 – Planar graphs : a short introduction 15 minsThe main notions and results about planar graphs are presented by the tea
her with abeamer. Students are handed out a lesson at the end of the presentation
3 – Planar graphs : a few problems Remaining timeWorking by pairs or groups of three, students have to solve a few problems about planargraphs.
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Document LessonA planar graph is a graph that 
an be drawn in the plane in su
h a way that no twoedges interse
t ex
ept at a vertex. A plane graph is a graph that is a
tually drawn withno interse
ting edges.Plane Planar Non-planar
Let G be a planar graph. Its edges de�ne regions of the plane. The verti
es and edgesthat are in
ident to a region make up its boundary. For example, the planar graph shownas an example de�nes 3 regions of the plane : the outer region must always be 
ounted.When G is a planar graph, we usually denote p its number of verti
es, q its number ofedges and r its numbers of regions.
Theorem 1 Euler’s formula

Let G be a connected plane graph with p vertices, q edges and r regions. Then

p− q + r = 2.

Theorem 2

Let G be a connected plane graph with p vertices, q edges, where p > 3. Then

q 6 3p − 6.
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Document Problems

Problem 1Show that the graphs of the tetrahedron, the 
ube and the o
tahedron are planar.Problem 2Draw all possible plane graphs with 1, 2 or 3 verti
es.Problem 3Draw a non planar graph with 8 verti
es.Problem 4Use polydrons to build a dode
ahedron and an i
osahedron, then draw plane graphs forthese two solids.Problem 5For what values of n is the 
omplete graph Kn planar ? For ea
h value of n su
h that itis so, draw Kn as a symmetri
 plane graph.Problem 6A graph 
an be obtained from any geographi
 map by repla
ing every region by a vertex,and 
onne
ting two verti
es by an edge exa
tly when the two regions share a bordersegment (not just a 
orner).
1. What spe
ial property exhibits any graph built in this way ?
2. Restate in the 
ontext of graph theory the famous Four 
olor Theorem : �Givenany separation of a plane into 
ontiguous regions, 
alled a map, the regions 
an be
olored using at most four 
olors so that no two adja
ent regions have the same
olor.�



Season 2 • Episode 21 • Planar graphs 3Problem 7Use graph theory and planar graphs to re-state the three houses problem.Problem 8Let K3,3 be the 
omplete bipartite graph shown below. The aim of this exer
ise is to provethat K(3, 3) is not planar.

As usual, we 
all p the number of verti
es of the graph, q its number of edges and r thenumber of regions de�ned by its edges. Moreover, we sum the number of edges lying onthe boundary of ea
h region, for all regions of K(3, 3), and denote this number N .
1. Give the value of p and q for K3,3.
2. Suppose that K3,3 is planar. Then, dedu
e from Euler's formula the value of r forany plane representation of this graph.
3. Prove that no representation of K3,3 
an 
ontain a triangle. Dedu
e from this fa
tan inequality about N and r.
4. Explain why N 6 2q = 18.
5. Dedu
e from the previous questions an upper bound for r.
6. Con
lude.
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Document Solutions

Problem 1To show that the graphs of the tetrahedron, the 
ube and the o
tahedron are planar, wejust have to draw them plane graphs of these three solids. These plane graphs are shownbelow.
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bProblem 2There are 2 plane graphs with 1 vertex :
b bThere are 6 plane graphs with 2 verti
es :
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es :
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Problem 3A simple example of non planar graph with 8 verti
es is the 
omplete graph K8 :
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ahedron :
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Plane graph of an i
osahedron :
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Problem 5The 
omplete graph Kn is planar only for n 6 4. These graphs are shown below.
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1. Any graph built in this way is plane. Indeed, as frontiers 
annot 
ross ea
h other ona map, edges 
annot do it either in a graph built from a map.
2. In any plane graph, the verti
es 
an 
an be 
olored using at most four 
olors so thatno two adja
ent verti
es have the same 
olor.Problem 7Consider a graph made of two groups of three verti
es, su
h that ea
h vertex of ea
hgroup is adja
ent to ea
h vertex of the other group, but to no vertex of the same group.This graph is not planar.Problem 8
1. For K3,3, p = 6 and q = 9.
2. For any plane representation of K3,3, we would still have p = 6 and q = 9. Then,a

ording to Euler's formula, p− q + r = 2, so 6− 9 + r = 2, therefore r = 5.
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3. First, we 
an noti
e that K3,3 is made of two groups of verti
es, ea
h one with threeverti
es, and su
h that ea
h vertex of ea
h group is adja
ent to ea
h vertex of theother group, but to no vertex of the same group. Now, 
onsider three verti
es A,

B, C in K3,3. At least two of them must be in the same group. If it's exa
tly two,say A and B, then these two verti
es are not adja
ent, so A, B and C don't makea triangle. If the three verti
es are in the same group, then none is adja
ent to anyother, so A, B and C don't make a triangle. Then, no representation of K3,3 
an
ontain a triangle.This means that any region in su
h a plane graph will be bounded by at least 4edges, so N > 4r.
4. Any edge 
an bound at most two regions, so N 6 2q. But q = 9, so N 6 2q = 18.
5. We know that N > 4r and N 6 2q = 18, so 4r 6 N 6 18, 4r 6 18, r 6 3.5.
6. If question 2 we've seen that if K3,3 is planar, then r must be equal to 5. Butin question 5 we found that in any representation of K3,3, r 6 3.5. These twoinequalities 
ontradi
t ea
h other, so K3,3 is not planar.


