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The vesi
a pis
is and the golden ratio

When two 
ir
les interse
t, the 
onvex region bounded by two 
ir
ular ar
s is 
alled a lens. If

the two 
ir
les have the same radius and ea
h 
ir
le passes through the 
enter of the other, the

lens is 
alled a vesi
a pis
is. The vesi
a pis
is arose in Eu
lid's Elements when 
onstru
ting an

equilateral triangle or bise
ting a given line segment.

To 
ompute the area of the �gure, we 
an pro
eed as follows:

• Compute the area of the 
ir
ular se
tor ABC 
entered at B;

• add the area of the 
ir
ular se
tor BAC 
entered at A;

• subtra
t the area of the equilateral triangle ABC;

• double the result!

Figure 1 Figure 2

If we en
lose the vesi
a pis
is in a pair of interse
ting 
ir
les whose 
enters 
oin
ide with the


enters of the vesi
a pis
is 
ir
les (see �gure 2 above) and if we let OA = OB = 1 then we have

another appearan
e of the golden ratio: CX
CD
=

√

5+1

2
= Φ.

Adapted from I
ons of Mathemati
s by Claudi Alsina, Roger B. Nelsen

Questions

1. Explain the link between an equilateral triangle and a vesi
a pis
is.

2. (a) Explain ea
h step of the 
omputation of the area of a vesi
a pis
is.

(b) Give the formula of the area of a vesi
a pis
is in terms of the 
ommon radius r .

(
) What is the perimeter of a vesi
a pis
is in terms of r?

3. Des
ribe the 
onstru
tion of �gure 2 in a few words.

4. (a) Prove that OD =
√
3 and OX =

√
15.

(b) Dedu
e that CX
CD
=

√

5+1

2
= Φ.
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