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Épreuve de se
tion européenne

Regiomontanus' maximum problem

Johann Müller, alias Regiomontanus, was born in Eastern Prussia near the town of Konigsberg

in 1436. He was fond of mathemati
s and astronomy. He was the �rst publisher of mathemati
al

and astronomi
al books for 
ommer
ial use. For instan
e, he wrote an a

urate table of Sines,

a table of position of the sun, moon and planets. His most in�uential work was his De triangulis

omnimodis, a work in �ve se
tions in whi
h he dealt with the trigonometri
 and geometri
 heritage

of Ptolemy and the Hindu and Arab s
holars. In 1471 Regiomontanus posed the following problem:

�At whi
h point on the ground does a perpendi
ularly suspended rod1 appear largest

[that is to say : subtends the greatest visual angle℄?�

Let's answer the question using 
al
ulus, even though at Regiomontanus' time, it had not yet been


reated!

In the �gure above, let the rod be represented

by the verti
al line segment AB. Let OA = a,

OB = b and OP = x , where P is the point

on the ground at whi
h the angle θ = 6 BPA is

maximum.

Let α = 6 OPA and β = 6 OPB. We have :

tanα = tan(β + θ) =
tan θ + tanβ

1− tan θ tanβ
.

Substituting tanβ with b
x
, we get tanα =

tan θ+ b
x

1−tan θ× b
x

. Sin
e tanα = a

x
, it yields tan θ = (a−b)x

x2+ab
.

Let's di�erentiate this expression in order to �nd the value of x that maximizes it (sin
e the

tangent fun
tion is in
reasing for 0 ≤ θ < θ

2). On
e it's done, we 
an easily see that the maximum

value is rea
hed at x =
√
ab.

The required point P is thus lo
ated at a distan
e equal to the geometri
 mean of a and b

from O!

Adapted from Trigonometri
 Delights by Eli Maor

Questions

1. Sum up Johann Müller's life in a few words.

2. Justify the formula tanα = a

x
.

3. Prove that the derivative of the fun
tion that maps x to
(a−b)x
x2+ab

is
(a−b)(ab−x2)
(x2+ab)2

.

4. Che
k that this fun
tion has a maximum at x =
√
ab.

5. Explain why θ also has a maximum at x =
√
ab.
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