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Proving Pick’s formula

Season 3
Episode 02

Time frame 2 periods

Objectives :
• Find, step by step, a proof of Pi
k's formula.
Materials :
• Lesson : Proof of Pi
k's formula.
• Beamer : Proof of Pi
k's formula.
• Paper for posters.
1 – Devise a plan for the proof 10 minsA brainstorming session to devise a plan for the proof, moderated by the tea
her.
2 – Part 1 : Prove that Pick’s formula is additive 45 minsThe aim of this �rst part is to prove that if P and T are two polygons with one edgein 
ommon, and if Pi
k's formula holds for P and T , it also holds for the polygon PTobtained by adding P and T .
3 – Part 2 : Prove Pick’s formula for any polygon 55 minsFollow the steps : unit square, re
tangle, right-angled triangle, any triangle, any 
onvexpolygon.



Proof of Pick’s formula
Season 3
Episode 02

Document Lesson

Proposition 1

Pick’s formula is additive : if P and T are two polygons with one edge in common,

and if Pick’s formula holds for P and T , it also holds for the polygon PT obtained by

adding P and T . This is also true for more than two polygons.Proof. First, it's obvious from the de�nitions that APT = AP + AT . Then, suppose thatPi
k's formula holds for the two polygons, and we use the same notations as in the previoussession. Let's 
all c the number of boundary points in 
ommon. Then we see that
IPT = IP + IT + (c− 2)and also

BPT = BP +BT − 2(c− 2)− 2.We 
an dedu
e that
1

2
BPT + IPT − 1 =

1

2
(BP +BT − 2(c− 2)− 2) + IP + IT + (c− 2)− 1

=
1

2
BP +

1

2
BT − (c− 2)− 1 + IP + IT + (c− 2)− 1

=
1

2
BP + IP − 1 +

1

2
BT + IT − 1

= AP + AT

= APTSo the formula also holds for the polygon PT . It's easy to extand this result to more thantwo polygons. �

Lemma 1 Pi
k's formula is true for the unit square and for any re
tangle with sidesparallel to the axes.Proof. For a unit square S, we have AS = 1, BS = 4 and IS = 0. As 1

2
BS + IS −1 = 1, theformula holds. Then, any re
tangle with sides parallel to the axes is made of unit squares,so from Proposition 1, the formula also holds for these re
tangles. �

Lemma 2 Pi
k's formula holds for any right-angled triangle with its perpendi
ular sidesparallel to the axes.Proof. Any su
h triangle T is one half of a re
tange R with sides parallel to the axes, 
utdiagonally, and it's 
lear that 2AT = AR. Let's 
all n and m the number of points on ea
hside of the re
tangle and d the number of points on the diagonal. Then, a simple analysisgives
BR = 2(n+m− 2) and IR = (n− 2)(m− 2)

BT = n+m− 1 + d and IT =
(n− 2)(m− 2)− d

2



Season 3 • Episode 02 • Proving Pick’s formula 2Then we 
an 
ompute on one hand
1

2
BR + IR − 1 = n+m− 2 + (n− 2)(m− 2)− 1

= n+m− 3 + (n− 2)(m− 2)and on the other hand
2(
1

2
BT + IT − 1) = BT + 2IT − 2

= n+m− 1 + d+ (n− 2)(m− 2)− d− 2

= n+m− 3 + (n− 2)(m− 2)The two expressions are equal, and we also know from the previous Lemma that AR =
1

2
BR + IR − 1, so we dedu
e

2AT = AR =
1

2
BR + IR − 1 = 2(

1

2
BT + IT − 1)whi
h implies that the formula is true for triangle T : AT = 1

2
BT + IT − 1. �

Lemma 3 Pi
k's formula holds for any latti
e triangle.Proof. This lemma is proved by a graphi
alargument : any latti
e triangle 
an be tur-ned into a re
tangle by atta
hing at mostthree suitable right-angled triangles andone re
tangle. Sin
e the formula is 
orre
tfor the right triangles and for the re
tangle,it also follows for the original triangle. Thislast step uses the fa
t that if the theoremis true for the polygon PT and for the tri-angle T, then it's also true for P ; this 
anbe proved in the same way as propostionone. �
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Theorem 1

Pick’s formula is true for any lattice poly-

gon.Proof. This theorem follows from lemma3, proposition 1 and the fa
t that anylatti
e polygon 
an be 
ut into triangles(triangulated). �
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