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Gaussian integers

Season 3
Episode 03

Time frame 1 period

Prerequisites : Basi
 algebra skills.
Objectives :
• Dis
over 
omplex numbers and some of their properties through Gaussian integers.
• Link geometry and algebra.
Materials :
• Mat
hing 
ards with a pair of Gaussian integers or a pair of points on a latti
e.
• Latti
e with axes and the units 1 and i (one for ea
h student).
• Beamer and lesson about Gaussian integers.
1 – Matching game with Gaussian integers and points. 15 minsStudents are handed out 
ards with either a pair of Gaussian integers of a pair of pointson a latti
e. Thay mingle to mat
h the 
ards by pairs.
2 – Experimental study of the operations in Z[i] 25 minsThe tea
her introdu
es the notations of the set of Gaussian integers Z[i] and the twooperations, + and ×.Working in teams of two, three of four, students have to experiment on operations in theset of Gaussian integers. The aim is to �nd the graphi
al analogous to
• addition ;
• multipli
ation by a real number ;
• multipli
ation by i ;
• multipli
ation by a number ib.Answers are then given with a beamer. ?



Gaussian integers
Season 3
Episode 03

Document Lesson

Definition 1

A Gaussian integer is a number of the form a+ bi where a and b are two integers and

i is an imaginary number such that i2 = −1. The set of all Gaussian integers is usually

noted Z[i].Every Gaussian integer is uniquely asso
iated to a point in a square latti
e. This pro
essde�nes a kind of 
oordinate system on the latti
e, with unit 1 on the horizontal axis and
i on the verti
al one.
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1

2− 3i

−4 + 4i

3 + 2i

The set of Gaussian integers is an extension of the set of standard integers. Additionand multipli
ation in the set Z[i] follow the same rules as addition and multipli
ation ofintegers, with the added properties that i2 = −1 and that the �real parts� and �imaginaryparts� 
annot be mixed up in addition. We dedu
e easily the following properties.
Proposition 1

Let a+bi and c+di be twoGaussian integers. Their sum is equal to the Gaussian integer

(a+ c) + (b+ d)i

while their product is equal to

(ac− bd) + (ad+ bc)i.



Season 3 • Episode 03 • Gaussian integers 2Operations on Gaussian integers have simple geometri
al 
ounterparts. Addition by aGaussian integer a + bi is a translation by the ve
tor de�ned by the latti
e points 0 and
a+ bi. The example below shows addition by 2 + i.

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

b

b

b

b

b

b

b

b

b

b

0

i

1

2 + i

−4 − 3i

−2 − 2i

1− 4i

3− 3i

−5 + 2i

−3 + 3i

Multipli
ation by a Gaussian integer a + bi is the 
omposition of a rotation and an ho-mothety around the latti
e point 0 (the origin), whose angle and ratio are de�ned by thelatti
e points 0 and a+ bi. Here are a few examples.
• Multipli
ation by i is a rotation of angle π

2
around the origin, as the distan
e between

0 and i is equal to 1.
• Multipli
ation by 2 is an homothety of ratio 2 around the origin, as the angle de�nedby the point 2 is equal to 0.
• Multipli
ation by 2i is the 
omposition of an homothety of ratio 2 and a rotation ofangle π

2
, both around the origin.
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3 + i

−1 + 3i

×i

−2 + i

−4 + 2i
×2

−2 − 2i

4− 4i

×2i
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Document 1 Latti
e for experiments

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

b

b

b

0

i

1



Season 3 • Episode 03 • Gaussian integers 4
Document 2 Mat
hing 
ards with Gaussian integers and points

2− 3i −1− 2i 4 + 3i 1− 5i

−1− 2i 4 + 3i 1− 5i 4i

4i 1− 3i −1− i −4 + 3i

1− 3i −1− i −4 + 3i 5− i

5− i −2− 3i −3 5 + 3i

−2− 3i −3 5 + 3i 3− 22i

3− 2i −3− 2i −2 + 2i −3− 4i

−3− 2i −2 + 2i −3− 4i 2 + 3i

2 + 3i 1 + 3i

1 + 3i 2− 3i
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